ABSTRACT Precision manufacturing engineering requires not only excellent materials but also precise machining methods. The point contact cutting is widely applied to precision turning, milling, grinding, and so on. However, the machining principle and the surface topography formation process of the point contact cutting are not well described mathematically. To solve the problem, we proposed a new surface topography analysis method considering vibration in this paper. First, based on the geometry topology theory, we reduced the dimension of the point contact cutting process. Moreover, the surface topography displacement formula was derived. Finally, the relationships between the influence factors (the shape of the cutting tools, the cutting parameters, and vibration) and the surface topography displacement were analyzed and explored. The surface topography analysis method proposed in this paper provides the theoretical foundation for designing, controlling, and optimizing the point contact cutting process.
INDEX TERMS Point contact cutting, surface topography, cutting tools and parameters, vibration.
NOMENCLATURE p i
Any point on the surface to be machined.
The X coordinate of point p i . y i The Y coordinate of point p i . z i The Z coordinate of point p i . l i The L coordinate of point p i . d i The D coordinate of point p i .
A pi
The surface topography displacement.
v(mm/s)
The cutting speed. v m (mm/s) The main cutting speed.
n(r/min)
The spindle rotating speed.
f(mm/r)
The feed rate. v f (mm/s) The feed speed. a p (mm)
The cutting depth.
T c (s)
The cutting cycle.
T h (s)
The horizontal vibration cycle.
T v (s)
The vertical vibration cycle. t (s)
The cutting time.
The angle of tool-tip. r (mm)
The radius of tool-tip chamfer. A s (mm)
The self-compensation displacement.
R (mm)
The radius of the workpiece.
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v h
Horizontal vibration (vibration perpendicular to the cutting path in the tangent plane). v v Vertical vibration (vibration along the cutting path perpendicular to the tangent plane). t i (s) The cutting time at point p i . A h(Tc+i) (mm) The amplitude of horizontal vibration at cutting time T c + t i . A hi (mm) The amplitude of horizontal vibration at point p i . A vi (mm) The amplitude of vertical vibration at point p i . A hc (mm) The amplitude of composition horizontal vibration at point p i . A vc (mm) The amplitude of composition vertical vibration at point p i . ϕ hj (rad) The original phase of the j-th horizontal partial vibration at point p i . ϕ vj (rad) The original phase of the j-th vertical partial vibration at point p i . ϕ hc (rad) The original phase of composition horizontal partial vibration at point p i . ϕ vc (rad) The original phase of composition vertical partial vibration at point p i . 
I. INTRODUCTION
Precision manufacturing engineering requires not only excellent materials, but also precise machining methods. The contact way of kinds of machining methods mainly is divided into the line contact [1] and the point contact. Actually, the principle of the point contact cutting reflects micro interaction of the particles between the cutting tool and the workpiece [2] . The point contact machining way is widely applied to precision turning, milling and grinding, etc. Paul and Morales-Menendez [3] controlled chatter in the point contact milling process using intelligent PD/PID control. Zhang et al. [4] optimized the point contact grinding parameters of 20CrMnTiH gear with ceramic microcrystalline corundum.
Through the machining principle analysis, exploring relationship between influence factors (the shape of cutting tools, the cutting parameters and vibration) and the surface topography displacement plays vitally essential role in the multi-objective optimization of machining process. Liang et al. [5] explored the relationship between the distribution characteristics of the contact-point's cutting speed and the surface quality of gear teeth. Jáuregui et al. [6] analyzed the frequency and time-frequency of the cutting force and vibration signals for tool condition monitoring in the process of the point contact machining. Meng [7] studied the effect of the cut-off frequency on rough-point and flat-surface contacts. However, to optimize the point contact machining process, we should firstly analyze the general influence factors [8] . Fathallah et al. [9] studied mathematical modeling and optimization of surface quality and productivity in turning process of AISI 12L14 freecutting steel. Cui et al. [10] evaluated the specific cutting energy considering effects of cutting tool geometry during micro-machining process. Wang et al. [11] researched the influence of cutting parameters on surface roughness and strain hardening during milling NiTi shape memory alloy. Agic et al. [12] explored the dynamic effects on the cutting forces with highly positive versus highly negative cutting edge geometries. Keblouti et al. [13] researched the multi response optimization of surface roughness in hard turning with coated carbide tool based on the cutting parameters and tool vibration.
In the aspect of characterizing surface topography, Cuicui et al. applied [14] the fractal methodology to the characterization of the surface topography in the point contact cutting process. Shu et al. [15] proposed the analysis method of the microstructure surface topography based on wavelet filter. In additional, Omar et al. [16] established the improved cutting force and surface topography prediction model in the point contact milling. Elbestawi et al. [17] studied the surface topography characterization method in finish milling. Buj-Corral et al. [18] studied the influence of the feed speed and the cutting depth on surface topography in ball-end milling process. Zhang et al. [19] proposed the numerical simulation method of machined surface topography in multiaxis ball-end milling. However, the machining principle of point contact cutting and the surface topography formation process are not well described mathematically.
To solve the problem, we proposed a new surface topography analysis method comprehensively considering the shape of the cutting tool, the cutting parameters and vibration in this paper, which provides theory foundation for designing, controlling and optimizing the point contact cutting process. Firstly, we analyzed the influence of the shape of the cutting tool and the cutting parameters on the surface topography displacement. Then, based on geometry topology theory, the dimension reduction of the point contact cutting process was accomplished in Section 2. Moreover, the surface topography displacement formula considering vibration was derived in Section 3. Finally, the relationships between the influence factors (the shape of cutting tools, the cutting parameters, vibration) and the surface topography displacement are comprehensively analyzed and discussed in Section 4. This paper is summarized in Section 5. Symbols used and defined in this paper are listed as follow.
II. POINT CONTACT CUTTING PRINCIPLE
The point contact cutting principle is generally applied to the process of turning, milling and grinding. The contact way between the turning tool, the milling cutter, the grinding wheel and the workpiece is the point contact. The continuous and reciprocating motion of the contact points formats the surface topography ( Figure 1 ).
As is shown in Figure 1 , each point on the surface to be machined is determined and expressed as (x i, y i, z i ). Practically, the cutting path is a helix curve. To simplify the mathematical express, based on the geometry topology theory, the point contact cutting process above is decomposed and expressed as the following form of 2-dimensional through ( Figure 2 ).
As is shown in Figure 2 , the coordinate of any point p i on the surface to be machined can be transform from (
The cutting path is set as L coordinate axis to reflect the relevance of the cutting path with the surface topography. The displacement from the points to be machined to the cutting path is set as D coordinate. Note:
(1) When the point is below the cutting path, the D coordinate is set as negative. (2) Because the cutting length l i increases with cutting time t i , each t i is corresponding to one l i , which indicates that the express forms of (l i, d i ) and (t i, d i ) are equivalent. Through the analysis of the surface topography formation principle, the shape of the cutting tool-tip ( Figure 3 ) and the cutting parameters (Figure 4 ) have great influence on the surface topography displacement.
As is shown in Figure 4 , when there is no chamfer at the tool-tip, the surface topography displacement at point
is derived as:
where When there is a chamfer r at the tool-tip, the contact point between the cutting tool-tip and the workpiece will move down. At this time, self-compensation is accomplished through adjusting the cutting tool-tip position. Moreover, the self-compensation displacement A s is calculated as:
where r is the radius of tool-tip chamfer. At this time, the surface topography displacement at point p i (l i, d i ) is derived as:
According the Equation (1), (2), (3) and (4), the influence of the shape of cutting tool and the cutting parameters on the max surface topography displacement is shown in Figure 5 .
As is shown in Figure 5: (1) It's known from (a) and (b), the greater the angle of the tool-tip, the smaller the surface topography displacement. Theoretically, the linear contact cutting method is more precise than point contact. (2) It's known from (c) and (d), the cutting depth is positively and linearly relative to the surface topography displacement in certain interval. Once it surpasses the distance at which there exists repeated cutting between the adjacent paths on the workpiece surface, the cutting depth has no influence on the surface topography displacement any more. (3) It's known from Equation (2) that the feeding distance is commonly determined by the main and feeding cutting speed. As is shown in (e) and (f), at the aspect of the feeding rate, it's also linearly relative to the surface topography displacement. Moreover, with the increase of the angle of the cutting toop-tip, it's influence is getting more and more small. (4) It's known from (a), (b), for any angle of the angle of the cutting tool-tip, ones with a chamfer can significantly decrease the surface topography displacement, that is, reduce the surface roughness. As is shown in (g), when f = 0, the original tool-tip have a compensable displacement. Moreover, the radius of the chamfer is negatively and linearly relative to the surface topography displacement. The analysis above indicates that, for the point contact machining, under the premise and restriction of satisfying efficiency, choosing the cutting tool-tip with a large tool-tip's angle and a large radius of the chamfer can obtain more small surface topography displacement.
III. SURFACE TOPOGRATHY CONSIDERING VIBRATION
Because of the relative impact between the cutting tool and the workpiece, there exists vibration along the cutting path and the cutting depth direction on the plane. After the dimension reduction, the vibration of the tool-tip relative to the workpiece can be divided into the horizontal vibration v h (the vibration perpendicular to the cutting path in the tangent plane) and the vertical vibration v v (the vibration along the cutting path perpendicular to the tangent plane) ( Figure 6 ). The horizontal vibration v h includes multiple composition vibrations, which can be mathematically expressed in (6) , as shown at the bottom of this page, where A hi is the amplitude of horizontal vibration at point p i , A hj , ϕ hj and ω hj (j = 1, 2, . . . , n) is the amplitude, the original phase and the angular frequency of the j-th horizontal vibration, respectively. As is shown in Figure 6 , there exists coupling area between the adjacent horizontal vibrations. And it's influence on the surface topography needs to be considered comprehensively from the adjacent paths.
On the workpiece surface, the cutting tool including the tool-tip, and its contact shape with the workpiece vibrates as a whole. And it's influence on the surface topography displacement is caused by the coupled horizontal vibrations between the cutting paths ( Figure 7 ).
As is shown is Figure 7 , the adjacent cutting paths couples with each other, causing some common areas cut twice, which indicates that the D coordinate decreases or increases with the horizontal vibration.
When the area are cut repeatedly along the upper and lower cutting path, the surface topography displacement decreases ( Figure 8) .
As is shown in Figure 8 , each point on the surface can be expressed as (t i, d i ) or (T c + t i, d i − f ). From this perspective, the horizontal vibration is not pernicious, but beneficial. Moreover, for the independent areas, the horizontal vibration only causes the offset of D coordinate. The area between adjacent cutting paths is divided into four parts:
For independent areas x and {, the surface topography displacement is derived as:
For the common areas y and z, as is shown in Figure 8 , when the point p i is expressed as (t i, d i ), the surface topography displacement is derived as Equation 7, 8 . When the point p i is expressed as q j (T c + t i, d i − f ), the surface topography displacement is derived as:
The surface topography displacement is derived as: 
A. VERTICAL VIBRATION
Vertical vibration v h includes multiple composition vibrations, which can be mathematically expressed in (12) , as shown at the bottom of this page, where A vi is the amplitude of vertical vibration at point p i . A vj , ϕ vj and ω vj are the amplitude, the original phase and the angular frequency of the j-th vertical vibration, respectively The vertical vibration happened along the cutting depth direction so that it's influence can directly transfer to the surface topography displacement (Figure 9 ).
The influence of vertical vibration on the surface topography is shown in Figure 9 . As is shown in Figure 9 , based on the surface topography displacement considering horizontal vibration, when the point is in the independent areas, the final surface topography displacement is derived as:
When the point is in the common areas, the final surface topography displacement is derived as:
where A pvi and A qvi represent the vertical vibration amplitude at t i and T c + t i ,respectively.
IV. RESULT AND DISCUSSION

A. RESULT
Because the upper and lower part along the cutting path is symmetrical, set d i >0. Practically, the point is in between 2 cutting path, and the vibration is far less than the distance between 2 cutting path. That is f >>d i >> A hi , A vi . Moreover, Horizontal and vertical vibration are synthesized as A hi = A hc sin(ω hc t i + ϕ hc ), A vi = A vc sin(ω vc t i + ϕ vc ). The max surface topography displacement along the cutting path is obtained in (15) , as shown at the bottom of this page, where d i satisfies the following equation:
That is
The surface topography reaches max at d i satisfying (17) along the cutting path. Eventually, considering the shape of cutting tools, the cutting parameters and vibration, the max surface topography displacement along the cutting path is obtained in (18) , as shown at the bottom of this page. According Figure 5 (f) and Equation (2), we can obtain the influence of the main cutting speed on the surface topography displacement as Figure 10 .
VOLUME 7, 2019 FIGURE 9. The influence of vertical vibration on the surface topography displacement.
FIGURE 10.
The influence of the cutting parameters. By comparing the corresponding result ( Figure 11 ) [20] , the theoretical analysis and research result is the same as the experimental results. The correctness of the method is proved.
The influence of the shape of the cutting parameters is obtained as Figure 5 (b) . By comparing with experiments of the angle of the cutting tool-tip ( Figure 12) [21], the correctness of the method is proved.
The influence of vibration on the surface topography displacement is obtained as Figure 13 . By comparing with experiment result of measuring vibration ( Figure 14) [22], the theoretical analysis and research result is the same as the experimental results. The correctness of the method is proved.
B. DISCUSSION
Based on the max surface topography displacement formula (18), we can analyze and discuss the relationship between the influence factors (the shape of cutting tools, the cutting parameters and vibration) and the surface topography displacement.
1) THE SHAPE OF CUTTING TOOLS
Considering the shape of cutting tools, the max surface topography displacement along the cutting path is expressed as:
tan(θ/2) +r −r sin(θ/2)+k 2 (0 < t i < T c ) (19) where k 1 and k 2 are constant. When θ = π , the cutting way converts from the point contact to the line contact and the surface topography displacement is smallest as:
Which indicates that the bigger the tool-tip angle, the better (A max pi ↑ θ ↑).
(1) When sin(θ/2) > cos 2 (θ/2), the smaller the chamfer radius, the smaller the surface topography displacement (A max pi ↑ r ↑). (2) When sin(θ/2) = cos 2 (θ/2), the chamfer radius has no influence on the surface topography displacement. (3) When sin(θ/2) < cos 2 (θ/2), the bigger the chamfer radius, the greater the surface topography displacement (A max pi ↑ r ↓). 
2) THE CUTTING PARAMETERS
Considering the cutting parameters, the max surface topography displacement along the cutting path is expressed as:
where k 1 and k 2 are constant. v m is the main cutting speed. v f is the feeding speed. a p is the cutting depth. R is the radius of the workpiece. Based on the cutting depth and the radius of the workpiece, the main cutting speed and the feeding speed are determined.
3) VIBRATION
Considering vibration, the max surface topography displacement along the cutting path is expressed as:
When the phase difference between A hi and A h(Tc+i) equals k times of the horizontal vibration cycle, the horizontal vibration in the common areas is eliminated and the surface topography displacement is smallest, And the phase difference satisfies the equation below.
When the phase difference between A vi and A v(Tc+i) equals k+1/2 times of the vertical vibration cycle, the surface topography displacement is smallest, and the phase difference satisfies the equation below.
V. CONCLUSION
Through the analysis of the comprehensive influence of different factors on the surface topography displacement above, we found: (1) Under that the rest of the influence factors are controlled as the same, the line contact machining way can get smaller surface topography displacement than the point contact machining way. (2) The influence of horizontal vibration on the surface topography displacement is less than that of vertical vibration. (3) Through properly controlling the cutting parameters can reduce the influence of horizontal vibration on the surface topography displacement. (4) Chamfering the cutting tool-tip, we can effectively decrease the surface topography displacement. 
